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1. Introduction
1.1 What is Business Optimization?
Business optimization is the process of making business decisions that lead to the best possible outcomes. In mathematics, we study optimization through maxima and minima—finding the highest and lowest points of functions.
For a business, optimization might mean:
· Finding the production level that gives maximum profit
· Determining the price that brings maximum revenue
· Calculating the inventory level that minimizes storage costs
· Finding the best allocation of resources to minimize expenses
Example: Imagine a small bakery. The owner needs to decide how many cakes to bake each day. Making too few means losing potential sales, while making too many means wasted ingredients and labor. Using optimization, the baker can find the ideal number of cakes to maximize profit.
1.2 History of Optimization in Business
Optimization techniques have been used in business for centuries, though the mathematical methods have evolved over time:
· In ancient times, merchants used simple calculations to determine optimal trading strategies
· In the 18th century, calculus provided new tools for optimization
· The industrial revolution brought scientific management, using mathematics to improve efficiency
· Modern businesses use sophisticated optimization algorithms and software
Example: In the early 1900s, Henry Ford used mathematical optimization principles to design his assembly line. By calculating the optimal speed for the line and the best arrangement of workers, he minimized production time and costs.





1.3 Why Maxima and Minima Matter
Maxima (highest points) and minima (lowest points) are critical in business because they represent the best possible outcomes. Finding these points mathematically allows business leaders to make better decisions.
Important applications include:
· Maximum profit points
· Minimum cost points
· Optimal inventory levels
· Best pricing strategies
· Efficient resource allocation
Example: A cell phone company sells phones at different prices. If the price is too high, few people buy. If the price is too low, they sell many phones but make little profit per phone. There exists a "maximum point" where the combination of sales and price per unit yields the highest total profit.















2. Objectives
2.1 Understanding Business Optimization
This book aims to help you:
· Understand how mathematics helps solve real business problems
· Learn to identify situations where optimization is useful
· Connect abstract mathematical concepts to practical business applications
Example: After studying this book, you should be able to look at a business scenario like "how many items should we produce?" and recognize it as an optimization problem that can be solved mathematically.
2.2 Applying Maxima and Minima
The key mathematical skills you'll develop include:
· Finding derivatives of business functions
· Identifying critical points (potential maxima and minima)
· Determining whether a critical point is a maximum, minimum, or neither
· Solving real-world business problems using these techniques
Example: Given a cost function for manufacturing chairs, you'll learn how to find the production level that minimizes the average cost per chair.
2.3 Learning Outcomes
By the end of this book, you should be able to:
· Create mathematical models for simple business scenarios
· Find maximum profit points for a business
· Calculate minimum cost points
· Apply optimization to pricing, production, and inventory problems
· Make better-informed business decisions using mathematics
Example: If you start a small business selling handmade products, you'll be able to determine the optimal price that maximizes your profit based on costs and customer demand.


3. Theoretical Framework
3.1 Functions in Business Context
In business mathematics, we use functions to describe relationships between variables like quantity, price, cost, and profit.
Common business functions include:
1. Revenue function: R(x) = p · x
· Where p is price and x is quantity
· Shows total money received from sales
2. Cost function: C(x) = FC + VC·x
· Where FC is fixed costs, VC is variable cost per unit, and x is quantity
· Shows total expenses for producing x units
3. Profit function: P(x) = R(x) - C(x)
· The difference between revenue and cost
· Shows how much money the business makes
Example: A small business sells handmade bracelets. Each bracelet sells for ₹300. The fixed costs (rent, equipment) are ₹5,000 per month. Each bracelet costs ₹100 in materials and labor to make.
· Revenue function: R(x) = 300x
· Cost function: C(x) = 5,000 + 100x
· Profit function: P(x) = R(x) - C(x) = 300x - (5,000 + 100x) = 200x - 5,000
This means for each bracelet sold, the profit increases by ₹200, but there's a fixed cost of ₹5,000 to overcome.







3.2 Basic Concepts of Derivatives
A derivative measures how one variable changes with respect to another. In business, we often want to know how profit, revenue, or cost changes when we change quantity or price.
The derivative of a function f(x) is written as f'(x) or df/dx.
Basic derivative rules you'll need:
1. If f(x) = c (constant), then f'(x) = 0
2. If f(x) = x^n, then f'(x) = n·x^(n-1)
3. If f(x) = c·g(x), then f'(x) = c·g'(x)
4. If f(x) = g(x) + h(x), then f'(x) = g'(x) + h'(x)
5. If f(x) = g(x) - h(x), then f'(x) = g'(x) - h'(x)
Example: For our bracelet business:
· Profit function: P(x) = 200x - 5,000
· Taking the derivative: P'(x) = 200
This means that for each additional bracelet sold, profit increases by ₹200, which makes sense given our setup.
3.3 Critical Points
Critical points are where the derivative equals zero or is undefined. These points are important because they are candidates for maximum or minimum values.
To find critical points:
1. Calculate the derivative of the function
2. Set the derivative equal to zero and solve for x
3. Check if there are any points where the derivative is undefined
Example: Let's consider a more complex profit function: P(x) = -2x² + 240x - 5000
The derivative is: P'(x) = -4x + 240
Setting this equal to zero: -4x + 240 = 0 -4x = -240 x = 60
So x = 60 is a critical point. This means that producing and selling 60 bracelets might give either a maximum or minimum profit.


3.4 Second Derivative Test
Once we find a critical point, we need to determine if it's a maximum, minimum, or neither. The second derivative test helps us do this.
The second derivative is the derivative of the derivative, written as f''(x) or d²f/dx².
· If f''(x) < 0 at a critical point, then it's a maximum
· If f''(x) > 0 at a critical point, then it's a minimum
· If f''(x) = 0, the test is inconclusive
Example: For our function P(x) = -2x² + 240x - 5000:
· First derivative: P'(x) = -4x + 240
· Second derivative: P''(x) = -4
At our critical point x = 60: P''(60) = -4, which is negative
Since the second derivative is negative, x = 60 is a maximum point. This means that producing and selling 60 bracelets gives the maximum profit.
4. Methodology and Analysis
4.1 Finding Maximum Profit
The profit function for a business is typically: P(x) = R(x) - C(x)
Where:
· P(x) is the profit from selling x units
· R(x) is the revenue from selling x units
· C(x) is the cost of producing x units
To find the maximum profit:
1. Calculate P'(x) = R'(x) - C'(x)
2. Set P'(x) = 0 and solve for x
3. Use the second derivative test to confirm it's a maximum




Example: A company makes and sells custom t-shirts. Their market research shows they can sell x t-shirts per week at a price of p = 500 - 2x rupees each.
· The fixed costs are ₹6,000 per week
· Each t-shirt costs ₹100 to make
Step 1: Set up the functions
· Revenue function: R(x) = p·x = (500 - 2x)·x = 500x - 2x²
· Cost function: C(x) = 6,000 + 100x
· Profit function: P(x) = R(x) - C(x) = 500x - 2x² - (6,000 + 100x) = -2x² + 400x - 6,000
Step 2: Find the critical point
· P'(x) = -4x + 400
· Set P'(x) = 0: -4x + 400 = 0
· Solve: x = 100
Step 3: Confirm it's a maximum
· P''(x) = -4, which is negative
· Therefore, x = 100 is a maximum point
Step 4: Calculate the maximum profit
· P(100) = -2(100)² + 400(100) - 6,000
· P(100) = -20,000 + 40,000 - 6,000
· P(100) = ₹14,000
The company should produce and sell 100 t-shirts per week to maximize profit. At this production level:
· Each t-shirt will sell for ₹500 - 2(100) = ₹300
· The maximum weekly profit will be ₹14,000






4.2 Finding Minimum Cost
Businesses often want to minimize costs. Two important cost concepts are:
1. Total Cost (TC): The sum of all costs
2. Average Cost (AC): The cost per unit, calculated as TC/x
To find the minimum cost:
1. Calculate TC'(x) or AC'(x)
2. Set the derivative equal to zero and solve for x
3. Use the second derivative test to confirm it's a minimum
Example: A factory has the following monthly cost function: C(x) = 10,000 + 50x + 0.1x²
Where:
· 10,000 is the fixed cost (rent, equipment, etc.)
· 50x represents labor costs
· 0.1x² represents increasing costs as production grows (overtime, machine wear, etc.)
Let's find the production level that minimizes the average cost per unit:
Step 1: Set up the average cost function
· AC(x) = C(x)/x = (10,000 + 50x + 0.1x²)/x = 10,000/x + 50 + 0.1x
Step 2: Find the critical point
· AC'(x) = -10,000/x² + 0.1
· Set AC'(x) = 0: -10,000/x² + 0.1 = 0
· Solve: 10,000/x² = 0.1
· x² = 10,000/0.1
· x² = 100,000
· x = 316.23 (rounding to 316)
Step 3: Confirm it's a minimum
· AC''(x) = 20,000/x³, which is positive when x is positive
· Therefore, x = 316 is a minimum point


Step 4: Calculate the minimum average cost
· AC(316) = 10,000/316 + 50 + 0.1(316)
· AC(316) = 31.65 + 50 + 31.6
· AC(316) = ₹113.25 per unit
The factory should produce 316 units to minimize the average cost per unit, which will be approximately ₹113.25.
4.3 Optimizing Production
Production optimization involves finding the best way to use limited resources. This often requires solving constrained optimization problems.
Common constraints include:
· Limited budget
· Limited raw materials
· Limited labor hours
· Limited storage space
To solve constrained optimization problems, we can use the method of substitution:
1. Express one variable in terms of another using the constraint
2. Substitute this into the objective function
3. Find the critical points of the resulting function
Example: A furniture maker produces tables and chairs. Each table requires 4 hours of labor and ₹2,000 in materials. Each chair requires 2 hours of labor and ₹500 in materials. The furniture maker has 40 hours of labor available per week and a materials budget of ₹12,000.
· Let x = number of tables
· Let y = number of chairs
The constraints are:
· Labor constraint: 4x + 2y ≤ 40
· Materials constraint: 2000x + 500y ≤ 12000



The profit is:
· ₹3,000 per table
· ₹800 per chair
· Total profit: P(x,y) = 3000x + 800y
To maximize profit, we'll typically use all available resources, so:
· 4x + 2y = 40 (labor constraint)
· This means y = (40 - 4x)/2 = 20 - 2x
Substituting into the profit function:
· P(x) = 3000x + 800(20 - 2x)
· P(x) = 3000x + 16000 - 1600x
· P(x) = 1400x + 16000
Taking the derivative:
· P'(x) = 1400
Since P'(x) is always positive, profit increases as x increases. To find the maximum, we need to find the maximum possible value of x.
From the materials constraint:
· 2000x + 500(20 - 2x) ≤ 12000
· 2000x + 10000 - 1000x ≤ 12000
· 1000x + 10000 ≤ 12000
· 1000x ≤ 2000
· x ≤ 2
So the maximum value of x is 2.
When x = 2:
· y = 20 - 2(2) = 16
· P(2,16) = 3000(2) + 800(16) = 6000 + 12800 = ₹18,800
The furniture maker should produce 2 tables and 16 chairs per week to maximize profit, which will be ₹18,800.


4.4 Pricing Strategies
Pricing is a critical business decision. The price affects both the quantity sold and the profit per unit. To find the optimal price:
1. Express demand as a function of price: x = f(p)
2. Write the revenue function: R(p) = p · f(p)
3. If applicable, include the cost function: C(f(p))
4. Find the profit function: P(p) = R(p) - C(f(p))
5. Find the critical points of P(p)
Example: A smartphone case manufacturer has determined that the demand for their product follows the function: x = 1000 - 5p
Where:
· x is the quantity demanded per week
· p is the price in rupees
The cost to produce each case is ₹50.
Step 1: Express the profit function in terms of price
· Revenue: R(p) = p · x = p(1000 - 5p) = 1000p - 5p²
· Cost: C(x) = 50x = 50(1000 - 5p) = 50000 - 250p
· Profit: P(p) = R(p) - C(p) = 1000p - 5p² - (50000 - 250p) = 1250p - 5p² - 50000
Step 2: Find the critical point
· P'(p) = 1250 - 10p
· Set P'(p) = 0: 1250 - 10p = 0
· Solve: p = 125
Step 3: Confirm it's a maximum
· P''(p) = -10, which is negative
· Therefore, p = 125 is a maximum point




Step 4: Calculate the results
· At p = ₹125: 
· Quantity demanded: x = 1000 - 5(125) = 1000 - 625 = 375 units
· Profit: P(125) = 1250(125) - 5(125)² - 50000 = 156250 - 78125 - 50000 = ₹28,125
The optimal pricing strategy is to sell the smartphone cases at ₹125 each. This will result in sales of 375 units per week and a weekly profit of ₹28,125.
5. Business Applications
5.1 Inventory Management
Inventory management involves balancing the costs of holding inventory against the costs of ordering or producing items. The Economic Order Quantity (EOQ) model helps find the optimal order size.
The total inventory cost has two main components:
1. Holding cost: The cost of storing inventory
2. Ordering cost: The cost of placing and receiving orders
The EOQ formula finds the order quantity that minimizes total inventory costs.
Example: A bookstore sells 10,000 copies of a popular textbook annually. Each order costs ₹500 to process (regardless of size). Holding cost is ₹20 per book per year.
Let's find the optimal order quantity:
Step 1: Set up the total cost function
· Let Q = order quantity
· Annual demand (D) = 10,000 books
· Ordering cost per order (S) = ₹500
· Holding cost per unit per year (H) = ₹20
· Number of orders per year = D/Q
· Average inventory = Q/2
· Total annual cost = Ordering cost + Holding cost
· TC(Q) = S·(D/Q) + H·(Q/2) = 500·(10,000/Q) + 20·(Q/2) = 5,000,000/Q + 10Q

Step 2: Find the critical point
· TC'(Q) = -5,000,000/Q² + 10
· Set TC'(Q) = 0: -5,000,000/Q² + 10 = 0
· Solve: 5,000,000/Q² = 10
· Q² = 500,000
· Q = 707.11 (rounding to 707)
Step 3: Confirm it's a minimum
· TC''(Q) = 10,000,000/Q³, which is positive when Q is positive
· Therefore, Q = 707 is a minimum point
Step 4: Calculate the results
· Optimal order quantity: 707 books
· Number of orders per year: 10,000/707 ≈ 14.14 (about 14 orders)
· Total annual cost: TC(707) = 5,000,000/707 + 10(707) = 7,072 + 7,070 = ₹14,142
The bookstore should order 707 books at a time, placing about 14 orders per year, to minimize the total inventory cost of ₹14,142.
5.2 Revenue Maximization
Revenue is the total money a business receives from selling its products or services. To maximize revenue, businesses need to find the optimal balance between price and quantity.
The revenue function is: R(x) = p·x
Where:
· R is revenue
· p is price
· x is quantity
When price depends on quantity (p = f(x)), the revenue function becomes: R(x) = x·f(x)
Example: A cinema owner needs to decide on ticket prices. Market research indicates that attendance follows this demand function: x = 1000 - 100p



Where:
· x is the number of moviegoers per day
· p is the ticket price in hundreds of rupees (e.g., p = 2 means ₹200)
Let's find the price that maximizes revenue:
Step 1: Express revenue as a function of price
· Revenue: R(p) = p·x = p(1000 - 100p) = 1000p - 100p²
Step 2: Find the critical point
· R'(p) = 1000 - 200p
· Set R'(p) = 0: 1000 - 200p = 0
· Solve: p = 5
Step 3: Confirm it's a maximum
· R''(p) = -200, which is negative
· Therefore, p = 5 is a maximum point
Step 4: Calculate the results
· At p = 5: 
· This corresponds to ₹500 per ticket
· Number of moviegoers: x = 1000 - 100(5) = 1000 - 500 = 500 people
· Revenue: R(5) = 1000(5) - 100(5)² = 5000 - 2500 = ₹2,500 (in hundreds, so ₹250,000)
Alternatively, we can express revenue as a function of quantity:
· From the demand function: p = (1000 - x)/100
· Revenue: R(x) = p·x = [(1000 - x)/100]·x = (1000x - x²)/100
· R'(x) = (1000 - 2x)/100
· Set R'(x) = 0: (1000 - 2x)/100 = 0
· Solve: x = 500
· At x = 500, p = (1000 - 500)/100 = 5 (or ₹500)
The cinema should charge ₹500 per ticket to maximize daily revenue of ₹250,000.

5.3 Cost Minimization
Businesses often look for ways to minimize costs while maintaining quality and meeting demand. Two important cost minimization problems are:
1. Finding the least-cost combination of inputs
2. Finding the production level that minimizes average cost
Example: A bakery produces bread using flour and labor. The production function is: Q = 5L^0.5 · F^0.5
Where:
· Q is the quantity of bread (loaves)
· L is labor hours
· F is kilograms of flour
The cost of labor is ₹200 per hour, and flour costs ₹50 per kg.
The bakery needs to produce 100 loaves of bread. How should they combine labor and flour to minimize cost?
Step 1: Set up the constraint
· Production requirement: 5L^0.5 · F^0.5 = 100
· This gives us: L^0.5 · F^0.5 = 20
· Squaring both sides: L · F = 400
Step 2: Set up the cost function
· Total cost: C(L,F) = 200L + 50F
Step 3: Use the Lagrangian method or substitution Using substitution:
· From the constraint: F = 400/L
· Substituting into the cost function: C(L) = 200L + 50(400/L) = 200L + 20000/L
Step 4: Find the critical point
· C'(L) = 200 - 20000/L²
· Set C'(L) = 0: 200 - 20000/L² = 0
· Solve: 20000/L² = 200
· L² = 100
· L = 10
Step 5: Calculate the results
· Labor hours: L = 10
· Flour: F = 400/10 = 40 kg
· Total cost: C(10,40) = 200(10) + 50(40) = 2000 + 2000 = ₹4,000
The bakery should use 10 hours of labor and 40 kg of flour to produce 100 loaves at a minimum cost of ₹4,000.
5.4 Break-Even Analysis
Break-even analysis helps businesses determine the point at which revenue equals cost, resulting in zero profit. This is called the break-even point.
The break-even quantity can be found by solving: R(x) = C(x)
Example: A small electronics shop sells headphones. Each pair costs ₹300 to purchase from the supplier and sells for ₹500. The shop has fixed monthly costs of ₹20,000 for rent, utilities, and staff.
Let's find the break-even quantity:
Step 1: Set up the revenue and cost functions
· Revenue function: R(x) = 500x
· Cost function: C(x) = 20,000 + 300x
· Break-even occurs when: R(x) = C(x)
Step 2: Solve for the break-even quantity
· 500x = 20,000 + 300x
· 500x - 300x = 20,000
· 200x = 20,000
· x = 100
Step 3: Calculate the break-even revenue
· R(100) = 500(100) = ₹50,000
The electronics shop needs to sell 100 headphones per month to break even. At this level, both revenue and cost equal ₹50,000.


We can also approach this algebraically:
· Break-even quantity = Fixed costs ÷ Contribution margin
· Contribution margin = Selling price - Variable cost = 500 - 300 = 200
· Break-even quantity = 20,000 ÷ 200 = 100 units
The shop owner now knows that 100 headphones must be sold each month before the business starts making a profit.
6. Results and Discussion
6.1 Key Findings
Throughout this book, we've discovered several important principles of business optimization using maxima and minima:
1. Profit Maximization:
· Occurs where marginal revenue equals marginal cost
· Found by setting the derivative of the profit function equal to zero
2. Cost Minimization:
· Average cost is minimized at a specific production level
· The optimal combination of inputs depends on their relative prices
3. Revenue Maximization:
· Usually occurs at a price lower than the profit-maximizing price
· Important when fixed costs are very high or when building market share
4. Inventory Management:
· The Economic Order Quantity balances ordering and holding costs
· Larger orders mean fewer ordering costs but higher holding costs
5. Production Optimization:
· With limited resources, businesses must make trade-offs
· The optimal mix of products depends on profit margins and resource requirements
Example: In our t-shirt company example, we found that selling 100 t-shirts at ₹300 each maximized profit at ₹14,000 per week. If the company had instead focused solely on revenue maximization, they would have chosen a different price point, likely selling more shirts at a lower price.
6.2 Comparing Methods
Different optimization problems require different approaches:
1. Unconstrained Optimization:
· Find critical points by setting derivatives equal to zero
· Use the second derivative test to classify critical points
· Simple but limited to situations without constraints
2. Constrained Optimization:
· Uses substitution or Lagrangian methods
· More complex but handles real-world limitations
· Essential for resource allocation problems
3. Discrete Optimization:
· Sometimes the solution must be a whole number
· May need to check values around the mathematical solution
· Important for inventory and production problems
Example: In our inventory management example, the EOQ formula gave us 707.11 books. Since we can't order a fractional number of books, we would round to 707 books per order. However, we should check whether 707 or 708 gives the lower total cost.
6.3 Limitations in Real Business Scenarios
Mathematical optimization provides valuable insights but has limitations:
1. Simplification of Reality:
· Real markets are more complex than our models
· Consumer behavior doesn't always follow simple demand curves
· Unexpected events can disrupt optimized plans
2. Data Limitations:
· Accurate functions require good data
· Market research may be costly or imprecise
· Historical data might not predict future trends


4. Multiple Objectives:
· Businesses often have goals beyond profit maximization
· Customer satisfaction, market share, and sustainability matter too
· These goals may conflict with pure mathematical optimization
5. Dynamic Environment:
· Business conditions change constantly
· Competitors react to your decisions
· Optimization may need frequent
6. Implementation Challenges:
· Mathematical solutions may be difficult to implement
· Organizational resistance to change
· Practical constraints not captured in the model
Example: A restaurant might calculate that the profit-maximizing price for a popular dish is ₹450. However, if customers perceive this as overpriced compared to competitors, or if the restaurant wants to maintain an affordable image, they might choose a lower price despite the mathematical optimum.













7. Conclusion
7.1 Summary of Concepts
In this book, we've explored how maxima and minima concepts help optimize business decisions:
1. Derivatives are powerful tools for finding optimal points in business functions.
2. Critical points occur where the derivative equals zero, and the second derivative test helps classify these points as maxima or minima.
3. Business optimization applies these mathematical concepts to:
· Maximize profit by finding the best production level and price
· Minimize cost through efficient resource use
· Optimize inventory to balance holding and ordering costs
· Find break-even points to understand financial requirements
4. Real-world applications include production planning, pricing strategy, inventory management, and resource allocation.
Example: We learned that a small business selling bracelets at ₹300 each, with materials costing ₹100 per bracelet and fixed costs of ₹5,000, would break even at 25 bracelets. Any sales beyond that point contribute to profit at ₹200 per bracelet.
7.2 Practical Takeaways
The mathematical principles in this book translate to practical business insights:
1. Understanding Tradeoffs:
· Business decisions often involve balancing competing factors
· Mathematics helps quantify these tradeoffs
2. Data-Driven Decisions:
· Collecting data to build accurate models
· Using optimization to extract insights from this data
3. Strategic Planning:
· Setting prices based on demand elasticity
· Planning production levels to minimize costs
· Managing inventory efficiently
4. Financial Analysis:
· Calculating break-even points
· Projecting profits at different scenarios
· Evaluating investment opportunities
Example: A clothing store owner can use the optimization techniques we've learned to determine:
· How many items of each type to stock
· What prices to charge for maximum profit
· When to order new inventory
· How to allocate the advertising budget
7.3 Future Learning Directions
Business optimization is a vast field with many advanced topics to explore:
1. Multi-variable Optimization:
· Handling multiple products simultaneously
· Balancing multiple constraints
2. Dynamic Optimization:
· How optimal decisions change over time
· Responding to changing market conditions
3. Sensitivity Analysis:
· Understanding how changes in inputs affect optimal solutions
· Building robust business strategies
4. Computational Methods:
· Using software to solve complex optimization problems
· Simulation and scenario planning
Example: After mastering the concepts in this book, you might explore how a company like Amazon optimizes its vast inventory across multiple warehouses, considering factors like shipping costs, storage costs, demand variability, and delivery speed.
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9. Appendices
Appendix A: Practice Problems
Practice Problem 1: Profit Maximization
A company manufactures and sells water bottles. The market research shows that the demand function is p = 200 - 0.5x, where p is the price in rupees and x is the quantity sold per day. The total cost function is C(x) = 2000 + 50x + 0.25x². Find the production level that maximizes profit and calculate the maximum profit.
Practice Problem 2: Cost Minimization
A manufacturing company has the cost function C(x) = 5000 + 80x + 0.04x², where x is the number of units produced. Find the production level that minimizes the average cost per unit.
Practice Problem 3: Revenue Maximization
A movie theater charges p rupees for a ticket. The demand function is x = 1200 - 3p, where x is the number of tickets sold per show. Find the ticket price that maximizes revenue.
Practice Problem 4: Constrained Optimization
A furniture workshop makes chairs and tables. Each chair requires 4 hours of labor and 20 kg of wood. Each table requires 6 hours of labor and 30 kg of wood. The workshop has 120 hours of labor and 540 kg of wood available. The profit is ₹1,000 per chair and ₹1,500 per table. How many of each should be produced to maximize profit?
Practice Problem 5: Break-Even Analysis
A company produces solar lamps. The fixed cost is ₹50,000, and the variable cost is ₹200 per lamp. Each lamp sells for ₹350. Find the break-even quantity and the break-even revenue.
Practice Problem 6: Inventory Management
A retailer sells 5,000 units of a product annually. Each order costs ₹200 to process. The annual holding cost is ₹25 per unit. Find the optimal order quantity and the number of orders per year.
Practice Problem 7: Pricing Strategy
A company sells a product with the demand function x = 800 - 4p, where p is the price in rupees and x is the quantity demanded per week. The cost function is C(x) = 3000 + 50x. Find the price that maximizes profit.


Practice Problem 8: Production Scheduling
A company manufactures smartphones. The daily cost function is C(x) = 10000 + 1500x - 20x² + 0.1x³, where x is the number of smartphones produced. Find the daily production level that minimizes the cost.
Practice Problem 9: Market Equilibrium
The supply function for a product is p = 50 + 0.5x, and the demand function is p = 200 - x, where p is the price in rupees and x is the quantity. Find the equilibrium price and quantity.
Practice Problem 10: Marginal Analysis
A company's total revenue function is R(x) = 500x - 2x², and its total cost function is C(x) = 100 + 100x + x². Find the production level where marginal revenue equals marginal cost.
Appendix B: Solutions
Solution to Practice Problem 1
Step 1: Set up the profit function
· Revenue function: R(x) = p·x = (200 - 0.5x)·x = 200x - 0.5x²
· Cost function: C(x) = 2000 + 50x + 0.25x²
· Profit function: P(x) = R(x) - C(x) = 200x - 0.5x² - (2000 + 50x + 0.25x²) = 200x - 0.5x² - 2000 - 50x - 0.25x² = 150x - 0.75x² - 2000
Step 2: Find the critical point
· P'(x) = 150 - 1.5x
· Set P'(x) = 0: 150 - 1.5x = 0
· Solve: x = 100
Step 3: Confirm it's a maximum
· P''(x) = -1.5, which is negative
· Therefore, x = 100 is a maximum point
Step 4: Calculate the maximum profit
· P(100) = 150(100) - 0.75(100)² - 2000 = 15000 - 7500 - 2000 = ₹5,500
The company should produce and sell 100 water bottles per day to maximize profit. At this production level:
· Each bottle will sell for ₹200 - 0.5(100) = ₹150
· The maximum daily profit will be ₹5,500
Solution to Practice Problem 2
Step 1: Set up the average cost function
· AC(x) = C(x)/x = (5000 + 80x + 0.04x²)/x = 5000/x + 80 + 0.04x
Step 2: Find the critical point
· AC'(x) = -5000/x² + 0.04
· Set AC'(x) = 0: -5000/x² + 0.04 = 0
· Solve: 5000/x² = 0.04
· x² = 5000/0.04 = 125000
· x = 353.55 (rounding to 354)
Step 3: Confirm it's a minimum
· AC''(x) = 10000/x³, which is positive when x is positive
· Therefore, x = 354 is a minimum point
Step 4: Calculate the minimum average cost
· AC(354) = 5000/354 + 80 + 0.04(354) = 14.12 + 80 + 14.16 = ₹108.28 per unit
The company should produce 354 units to minimize the average cost per unit, which will be approximately ₹108.28.
Solution to Practice Problem 3
Step 1: Express revenue as a function of price
· Revenue: R(p) = p·x = p(1200 - 3p) = 1200p - 3p²
Step 2: Find the critical point
· R'(p) = 1200 - 6p
· Set R'(p) = 0: 1200 - 6p = 0
· Solve: p = 200
Step 3: Confirm it's a maximum
· R''(p) = -6, which is negative
· Therefore, p = 200 is a maximum point


Step 4: Calculate the maximum revenue
· At p = ₹200: 
· Number of tickets: x = 1200 - 3(200) = 1200 - 600 = 600 tickets
· Revenue: R(200) = 1200(200) - 3(200)² = 240000 - 120000 = ₹120,000
The theater should charge ₹200 per ticket to maximize revenue, which will be ₹120,000 per show.
Solution to Practice Problem 4
Let's denote:
· x = number of chairs
· y = number of tables
The constraints are:
· Labor constraint: 4x + 6y ≤ 120
· Wood constraint: 20x + 30y ≤ 540
The profit function is: P(x,y) = 1000x + 1500y
To maximize profit, we need to use all available resources. From the labor constraint: 4x + 6y = 120
From the wood constraint: 20x + 30y = 540
Simplifying the wood constraint: 2x + 3y = 54
Let's solve these two equations: 4x + 6y = 120 (Equation 1) 2x + 3y = 54 (Equation 2)
Multiplying Equation 2 by 2: 4x + 6y = 108 (Equation 3)
Subtracting Equation 3 from Equation 1: 0 = 12 This is a contradiction, which means both constraints cannot be fully utilized simultaneously.
Let's try using just the labor constraint: From Equation 1: y = (120 - 4x)/6 = 20 - (2/3)x
Substituting into the profit function: P(x) = 1000x + 1500(20 - (2/3)x) = 1000x + 30000 - 1000x = 30000




This means profit is constant regardless of the mix, as long as we use all labor.
Let's check if the wood constraint is satisfied: 2x + 3y = 2x + 3(20 - (2/3)x) = 2x + 60 - 2x = 60
Since 60 > 54, the wood constraint is violated, so we need to use the wood constraint instead.
From Equation 2: y = (54 - 2x)/3 = 18 - (2/3)x
Substituting into the profit function: P(x) = 1000x + 1500(18 - (2/3)x) = 1000x + 27000 - 1000x = 27000
Again, the profit is constant. Let's check the labor constraint: 4x + 6y = 4x + 6(18 - (2/3)x) = 4x + 108 - 4x = 108
Since 108 < 120, the labor constraint is satisfied.
So we need to use all the wood, which gives us y = 18 - (2/3)x.
Let's check the non-negativity constraints: x ≥ 0 and y ≥ 0 For y ≥ 0: 18 - (2/3)x ≥ 0 x ≤ 27
For integer solutions, we need to check the corner points: (0,18) and (27,0). P(0,18) = 1000(0) + 1500(18) = 27000 P(27,0) = 1000(27) + 1500(0) = 27000
Both solutions give the same profit of ₹27,000.
To break the tie, we can check if both solutions use the same amount of labor: At (0,18): 4(0) + 6(18) = 108 hours At (27,0): 4(27) + 6(0) = 108 hours
Since both solutions use the same resources and give the same profit, the company can choose either option: produce 27 chairs and 0 tables, or 0 chairs and 18 tables, for a maximum profit of ₹27,000.
Solution to Practice Problem 5
Step 1: Set up the revenue and cost functions
· Revenue function: R(x) = 350x
· Cost function: C(x) = 50000 + 200x
· Break-even occurs when: R(x) = C(x)
Step 2: Solve for the break-even quantity
· 350x = 50000 + 200x
· 350x - 200x = 50000
· 150x = 50000
· x = 333.33 (rounding to 334 units)
Step 3: Calculate the break-even revenue
· R(334) = 350(334) = ₹116,900
The company needs to sell 334 solar lamps to break even. At this level, both revenue and cost equal approximately ₹116,900.
Solution to Practice Problem 6
Step 1: Apply the EOQ formula
· Annual demand (D) = 5,000 units
· Ordering cost per order (S) = ₹200
· Holding cost per unit per year (H) = ₹25
EOQ = √(2DS/H) = √(2 × 5,000 × 200 / 25) = √80,000 = 282.84 (rounding to 283 units)
Step 2: Calculate the number of orders per year
· Number of orders = D/EOQ = 5,000/283 = 17.67 (about 18 orders per year)
Step 3: Calculate the total annual cost
· Total cost = Ordering cost + Holding cost
· TC = S·(D/Q) + H·(Q/2) = 200·(5,000/283) + 25·(283/2) = 3,534 + 3,538 = ₹7,072
The retailer should order 283 units at a time, placing about 18 orders per year, for a total annual inventory cost of approximately ₹7,072.
Solution to Practice Problem 7
Step 1: Set up the profit function
· Revenue function: R(p) = p·x = p(800 - 4p) = 800p - 4p²
· Cost function: C(x) = 3000 + 50x = 3000 + 50(800 - 4p) = 3000 + 40000 - 200p = 43000 - 200p
· Profit function: P(p) = R(p) - C(p) = 800p - 4p² - (43000 - 200p) = 800p - 4p² - 43000 + 200p = 1000p - 4p² - 43000
Step 2: Find the critical point
· P'(p) = 1000 - 8p
· Set P'(p) = 0: 1000 - 8p = 0
· Solve: p = 125

Step 3: Confirm it's a maximum
· P''(p) = -8, which is negative
· Therefore, p = 125 is a maximum point
Step 4: Calculate the maximum profit
· At p = ₹125: 
· Quantity demanded: x = 800 - 4(125) = 800 - 500 = 300 units
· Profit: P(125) = 1000(125) - 4(125)² - 43000 = 125000 - 62500 - 43000 = ₹19,500
The company should set the price at ₹125 per unit to maximize profit. This will result in sales of 300 units per week and a weekly profit of ₹19,500.
Solution to Practice Problem 8
Step 1: Find the critical point of the cost function
· C(x) = 10000 + 1500x - 20x² + 0.1x³
· C'(x) = 1500 - 40x + 0.3x²
· Set C'(x) = 0: 1500 - 40x + 0.3x² = 0
This is a quadratic equation in x. We can solve using the quadratic formula: x = (-b ± √(b² - 4ac))/(2a), where a = 0.3, b = -40, c = 1500
x = (40 ± √(1600 - 1800))/0.6 x = (40 ± √(-200))/0.6
Since we get imaginary solutions, there is no critical point where the derivative is zero.
This suggests that the cost function doesn't have a minimum in the domain of positive x values. Let's check the behavior of C'(x):
· For small values of x, the term 1500 dominates, so C'(x) > 0
· As x increases, the negative term -40x grows
· For very large x, the term 0.3x² eventually dominates, making C'(x) > 0 again




This suggests the function has a minimum at some point. Let's try to find it numerically by checking C'(x) at different values of x:
For x = 50: C'(50) = 1500 - 40(50) + 0.3(50)² = 1500 - 2000 + 750 = 250 > 0 For x = 100: C'(100) = 1500 - 40(100) + 0.3(100)² = 1500 - 4000 + 3000 = 500 > 0 For x = 75: C'(75) = 1500 - 40(75) + 0.3(75)² = 1500 - 3000 + 1687.5 = 187.5 > 0 For x = 60: C'(60) = 1500 - 40(60) + 0.3(60)² = 1500 - 2400 + 1080 = 180 > 0 For x = 40: C'(40) = 1500 - 40(40) + 0.3(40)² = 1500 - 1600 + 480 = 380 > 0 For x = 20: C'(20) = 1500 - 40(20) + 0.3(20)² = 1500 - 800 + 120 = 820 > 0
Since C'(x) is positive for all these values, the function appears to be strictly increasing in the range of practical production values (x > 0). This means the minimum cost occurs at the smallest possible production level, which would be x = 0.
However, since a production level of 0 doesn't make business sense, the company should produce the minimum practical quantity, which depends on other business factors not specified in the problem.
Solution to Practice Problem 9
For market equilibrium, supply equals demand: Supply: p = 50 + 0.5x Demand: p = 200 - x
At equilibrium: 50 + 0.5x = 200 - x 50 + 0.5x + x = 200 1.5x = 150 x = 100
Substituting back into either equation to find p: p = 50 + 0.5(100) = 50 + 50 = 100
The equilibrium price is ₹100, and the equilibrium quantity is 100 units.
Solution to Practice Problem 10
Step 1: Find the marginal revenue
· Revenue function: R(x) = 500x - 2x²
· Marginal revenue: MR = R'(x) = 500 - 4x
Step 2: Find the marginal cost
· Cost function: C(x) = 100 + 100x + x²
· Marginal cost: MC = C'(x) = 100 + 2x






Step 3: Set marginal revenue equal to marginal cost
· MR = MC
· 500 - 4x = 100 + 2x
· 500 - 100 = 4x + 2x
· 400 = 6x
· x = 66.67 (rounding to 67)
The production level where marginal revenue equals marginal cost is 67 units. This is the profit-maximizing production level.

