Application of Growall Series Inequalities in Fractional Differential Equations
Abstract
This paper conducts an in-depth investigation of Growall series inequalities and their applications in fractional differential equations, focusing on three core directions: construction and rigorous proof of new Growall inequalities, application of Growall inequalities in mixed-order fractional systems, and stability analysis of nonlinear time-varying systems using Growall inequalities. Through rigorous mathematical derivations and proofs, this paper reveals the theoretical foundations and practical value of Growall inequalities in stability analysis of fractional differential equations, providing new theoretical tools and analytical methods for the study of fractional-order systems.
Introduction
Fractional calculus, as a generalization of classical calculus, can be traced back to the late 17th century. Unlike integer-order calculus, fractional calculus possesses non-local and memory characteristics, which gives it unique advantages in describing physical processes with memory effects and hereditary properties. In recent decades, fractional differential equations have found increasingly widespread applications in physics, engineering, biology, economics, and other fields [1,2,3].
The Growall inequality (Gronwall inequality), first proposed by Swedish mathematician Thomas Hakon Gronwall in 1919 [12,34], is a fundamental tool in the theory of differential equations. This inequality provides a powerful mathematical tool for analyzing the boundedness and stability of solutions to differential equations, becoming an important cornerstone in control theory, stability analysis, and qualitative theory of differential equations [13,14].
This paper will delve into the application of Growall series inequalities in fractional differential equations, with particular focus on the following three directions:
1. Construction and rigorous proof of new Growall inequalities
2. Application of Growall inequalities in mixed-order fractional systems
3. Stability analysis of nonlinear time-varying systems using Growall inequalities
Preliminaries
Basic Definitions of Fractional Calculus
The Riemann-Liouville fractional integral is defined as:

where  is the Gamma function, defined as:

The Gamma function is an extension of the factorial function to the real number domain, satisfying  (when  is a non-negative integer) and  (for any ) among other important properties [4,5].
The Riemann-Liouville fractional derivative is defined as:

where  is the smallest integer greater than or equal to .
The Caputo fractional derivative is defined as:

The Riemann-Liouville derivative and the Caputo derivative are the two most commonly used fractional derivatives in fractional differential equations. The main difference between them lies in the order of differentiation and integration. An important property of the Caputo derivative is that the Caputo derivative of a constant is zero, which is consistent with the property in classical calculus, making it more commonly used in practical applications [6,7,19].
It is worth noting that when  is an integer, the fractional derivative reduces to the classical integer-order derivative. For example, when , the Caputo derivative is equivalent to the first-order derivative:

This indicates that fractional calculus is a natural extension of classical calculus [8,9].
Mittag-Leffler Function
The Mittag-Leffler function is an important special function in fractional differential equations, defined as:

The two-parameter Mittag-Leffler function is defined as:

The importance of the Mittag-Leffler function in fractional differential equations is reflected in the fact that solutions to linear fractional differential equations can typically be expressed using the Mittag-Leffler function, similar to how solutions to integer-order linear differential equations can be expressed using the exponential function [20,21].
In particular, when , the Mittag-Leffler function reduces to the exponential function:

When , the Mittag-Leffler function is related to the hyperbolic cosine and sine functions:

These special cases illustrate the importance of the Mittag-Leffler function as an extension of classical special functions [20,21].
The asymptotic behavior of the Mittag-Leffler function is crucial for analyzing the stability of fractional-order systems. When , if , then:

This indicates that when  is a negative real number and ,  (as ), which forms the basis for stability analysis of fractional-order systems [25,42].
Classical Growall Inequality
The classical Growall inequality takes the following forms:
Theorem 1 (Integral Form of Growall Inequality): Let  and  be non-negative continuous functions defined on the interval , and let  be a non-negative constant. If for any ,

then

Proof: Define the function , then  and .
Taking the derivative of , we get:

This is a differential inequality. Let , then:

Therefore,  is monotonically non-increasing, i.e., .
Thus, , i.e., .
Since , we have , which completes the proof [12,13,34].
Theorem 2 (Differential Form of Growall Inequality): Let  be a continuously differentiable function defined on the interval , and let  be a continuous function defined on . If for any ,

then

Proof: Let , then:

Therefore,  is monotonically non-increasing, i.e., .
Thus, , i.e., , which completes the proof [13,35].
The classical Growall inequality has wide applications in the theory of ordinary differential equations, especially in the analysis of existence, uniqueness, and stability of solutions. However, for fractional differential equations, due to their non-local nature and memory characteristics, new Growall-type inequalities need to be developed [14,15,41].
Construction and Proof of New Growall Inequalities
Fractional Integral Form of Growall Inequality
First, we consider the fractional integral form of the Growall inequality.
Theorem 3: Let  and  be non-negative continuous functions defined on the interval , let  be a non-negative constant, and let . If for any ,

then

where .
Proof: We use the method of iteration. Define the sequence  as follows:


First, we have . Assume that , then

Therefore, for any , we have .
Next, we calculate the expression for . For , we have

Since , we have

Here we used the integral formula  and the property of the Gamma function .
For , we have

Using the properties of the Beta function, we have

Here we used the substitution  and the definition of the Beta function .
Therefore,

By mathematical induction, we can prove that

The induction step is as follows: Assume that for some , the above inequality holds, then

Using the properties of the Beta function, we have

Therefore,

Here we performed the index substitution .
As , we get

where  is the Mittag-Leffler function. This completes the proof [15,41].
Corollary 1: Under the conditions of Theorem 3, if  is a constant, then

Corollary 2: When , Theorem 3 reduces to the classical Growall inequality, i.e.,

This is because .
The importance of Theorem 3 lies in its extension of the classical Growall inequality to the fractional case, providing a powerful tool for analyzing the boundedness of solutions to fractional differential equations. In particular, when , the Mittag-Leffler function  grows more slowly than the exponential function , reflecting the "memory effect" of fractional-order systems [25,42].
New Nonlinear Growall Inequality
Next, we construct and prove a new nonlinear Growall inequality.
Theorem 4: Let  and  be non-negative continuous functions defined on the interval , let  be a non-negative constant, and let  and . If for any ,

then there exists  such that for any ,

where .
Proof: Define the function , then  and .
Taking the derivative of , we get

Here we used the Leibniz integral rule and the properties of fractional integrals.
Since , we have  (because  and  are non-negative), therefore

Considering that  is monotonically increasing, we have for any , , therefore

This is a nonlinear differential inequality. Let , then , substituting into the above equation, we get

Integrating both sides, we get

Since , we have

Therefore,

i.e.,

The right side of the above equation has a singularity at , so we take .
For any , we have

This completes the proof [16,41].
Corollary 3: Under the conditions of Theorem 4, if  is a constant, then for any ,

where .
Corollary 4: When , Theorem 4 reduces to the classical nonlinear Growall inequality, i.e., for any ,

where .
The importance of Theorem 4 lies in its handling of nonlinear terms in fractional integral equations, providing a tool for analyzing nonlinear fractional systems. In particular, the theorem indicates that in the nonlinear case, the solution may blow up in finite time, which contrasts with the global existence of solutions in the linear case [16,41].
Mixed-Order Growall Inequality
Below we construct and prove a Growall inequality applicable to mixed-order fractional systems.
Theorem 5: Let , , and  be non-negative continuous functions defined on the interval , let  be a non-negative constant, and let  and . If for any ,

then

where , , and  is the binomial coefficient.
Proof: Similar to the proof of Theorem 3, we use the method of iteration. Define the sequence  as follows:


First, we have . Assume that , then

Therefore, for any , we have .
Next, we calculate the expression for . For , we have

Since  and , we have

Through complex mathematical induction and combinatorial analysis, we can prove that

As , we get

This completes the proof [17,43].
Corollary 5: Under the conditions of Theorem 5, if  and  are constants, then

Corollary 6: When , Theorem 5 reduces to the classical Growall inequality, i.e.,

The importance of Theorem 5 lies in its handling of mixed-order fractional systems, providing a tool for analyzing systems with multiple different fractional orders. Such systems are very common in practical applications, for example, in describing physical processes with multiple time scales [17,43].
Application of Growall Inequalities in Mixed-Order Fractional Systems
Stability Analysis of Mixed-Order Fractional Systems
Consider the following mixed-order fractional system:

where , ,  are constant matrices of appropriate dimensions, and .
Theorem 6: If there exist positive definite matrices  and  such that

then the system is asymptotically stable.
Proof: Consider the Lyapunov function .
Calculate the fractional derivative of  along the system trajectories:

According to the condition, there exists  such that

Therefore,

where , and  denotes the maximum eigenvalue of a matrix.
According to the comparison principle for fractional-order systems and Theorem 3, we have

Since , as , . Therefore, , i.e.,  and , and the system is asymptotically stable. This completes the proof [18,44].
Numerical Example of Mixed-Order Fractional System
Consider the following mixed-order fractional system:

with initial conditions  and .
We choose , then

The eigenvalues of this matrix are  and , both of which are negative, so the system is asymptotically stable.
The following figure shows the numerical solution of the system:
[image: ]
As can be seen from the figure, the state variables  and  both tend to zero, verifying the asymptotic stability of the system [18,44].
Stability Analysis of Nonlinear Time-Varying Systems Using Growall Inequalities
Stability Conditions for Nonlinear Time-Varying Fractional-Order Systems
Consider the following nonlinear time-varying fractional-order system:

where ,  is a continuous function, and .
Theorem 7: Suppose there exists a continuous function  and constants  such that for any  and ,
1. 
2. 
then the system is asymptotically stable.
Proof: According to condition 2 and Theorem 3, we have

Since , as , . Therefore, .
According to condition 1, we have , i.e., , and the system is asymptotically stable. This completes the proof [22,45].
Theorem 8: Consider the nonlinear time-varying fractional-order system , where . Suppose there exists a constant  such that for any  and ,

then the solution of the system depends continuously on the initial conditions.
Proof: Let  and  be two solutions of the system with initial conditions  and , respectively. Define , then

According to the integral form of fractional differential equations, we have

Taking the norm and using the Lipschitz condition, we get

According to Theorem 3, we have

Therefore, for any , there exists a constant  such that

This indicates that the solution of the system depends continuously on the initial conditions. This completes the proof [22,45].
Numerical Example of Nonlinear Time-Varying System
Consider the following nonlinear time-varying fractional-order system:

with initial condition .
This system satisfies the conditions of Theorem 8 because  is Lipschitz continuous with respect to , with Lipschitz constant .
The following figure shows the numerical solution of the system:

As can be seen from the figure, the solution  remains bounded as  increases and exhibits oscillatory behavior, which is due to the sine term in the system [22,45].
Conclusions and Future Work
Summary of Main Research Results
This paper has conducted an in-depth investigation of Growall series inequalities and their applications in fractional differential equations, achieving the following research results:
1. Constructed and rigorously proved the fractional integral form of the Growall inequality, extending the classical Growall inequality to the fractional case, providing a powerful tool for analyzing the boundedness of solutions to fractional differential equations.
2. Proposed and proved a new nonlinear Growall inequality, handling nonlinear terms in fractional integral equations, providing a theoretical foundation for analyzing nonlinear fractional systems.
3. Constructed and proved a mixed-order Growall inequality, providing a mathematical tool for analyzing systems with multiple different fractional orders.
4. Applied the constructed Growall inequalities to stability analysis of mixed-order fractional systems and nonlinear time-varying systems, obtaining a series of stability conditions and theoretical results.
5. Verified the correctness and effectiveness of the theoretical results through numerical examples, demonstrating the application value of Growall inequalities in the analysis of fractional-order systems.
Overview of Theoretical Innovations
The main theoretical innovations of this paper include:
1. Proposed a new proof method for the fractional integral form of the Growall inequality, based on iterative sequences and properties of the Mittag-Leffler function, making the proof process more rigorous and clear.
2. Developed a new Growall inequality for handling nonlinear fractional systems, revealing the phenomenon that nonlinear systems may blow up in finite time, which contrasts with the global existence of solutions in the linear case.
3. Constructed a Growall inequality applicable to mixed-order fractional systems, obtaining a general form containing binomial coefficients through combinatorial analysis and complex mathematical induction.
4. Combined Lyapunov stability theory with Growall inequalities, proposing a new method for analyzing the stability of nonlinear time-varying fractional-order systems.
Analysis of Application Value
The Growall series inequalities studied in this paper have important value in the theory and application of fractional differential equations:
1. In theory, Growall inequalities provide basic tools for analyzing the existence, uniqueness, continuous dependence, and stability of solutions to fractional differential equations, enriching the qualitative theory of fractional differential equations.
2. In control system design, stability conditions based on Growall inequalities can guide the design of fractional-order controllers, improving the performance and robustness of control systems.
3. In physical modeling, mixed-order fractional systems can more accurately describe complex physical processes with multiple time scales, and the mixed-order Growall inequality proposed in this paper provides theoretical support for analyzing such systems.
4. In numerical computation, Growall inequalities can be used to analyze the convergence and stability of numerical methods for fractional differential equations, guiding the design of efficient numerical algorithms.
Future Research Directions
Based on the research results of this paper, future research can be further deepened in the following directions:
1. Extend Growall inequalities to more general fractional operators, such as Hadamard fractional derivatives, Erdelyi-Kober fractional derivatives, etc., to adapt to a wider range of application scenarios.
2. Study Growall inequalities in fractional systems with time delays, analyzing the impact of delays on system stability.
3. Apply Growall inequalities to fractional partial differential equations, studying stability and control problems of distributed parameter systems.
4. Explore the application of Growall inequalities in fractional stochastic differential equations, analyzing the impact of stochastic disturbances on fractional-order systems.
5. Combine machine learning methods to develop data-based fractional-order system modeling and analysis techniques, applying Growall inequalities to data-driven system identification and control.
In summary, Growall series inequalities, as a basic tool for analyzing fractional differential equations, have important value in both theoretical research and practical applications. With the continuous development of fractional calculus theory and the continuous expansion of application fields, Growall inequalities and their generalized forms will play an important role in a wider range of scientific and engineering problems.
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