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Abstract 
This study investigates the persistent challenge of how pre‑service mathematics teachers (PSTs) conceptualise division by zero, a task that frequently elicits misconceptions such as “2 ÷ 0 = 0” or “2 ÷ 0 = 2,” reflecting closure‑product views of division and difficulties in transitioning toward process‑object conceptions involving limits and infinity. The research problem centres on the pedagogical need to equip PSTs with strategies to engage constructively with such errors, reframing them as gateways to deeper mathematical exploration rather than obstacles. The focus of the study was to examine how PSTs’ misconceptions can be leveraged within mathematics teacher education, and how immersive technologies such as Virtual Reality (VR) can enhance scaffolding. The theoretical framework was grounded in Vygotsky’s socio‑cultural theory of learning, particularly the Zone of Proximal Development (ZPD), and Wertsch’s elaboration through situation definition, intersubjectivity, and semiotic mediation, with VR infused as a contemporary extension of mediation by enabling learners to inhabit dynamic mathematical processes. A qualitative design was employed with 56 first‑year PSTs in Johannesburg, using surveys, semi‑structured interviews, focus groups, and VR simulations such as dividing virtual cakes among increasingly large groups and manipulating divisors approaching zero in the function (f(x) = 2/x). Key findings revealed that misconceptions were widespread but could be transformed through scaffolding, with VR accelerating cognitive shifts by making abstract behaviours tangible, fostering intersubjectivity, and strengthening conceptual resilience. Recommendations include integrating VR into teacher education curricula to model constructive error engagement, develop diagnostic skills, and democratise access to advanced visualisations in resource‑constrained contexts.
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1. Introduction
Mathematics education has long grappled with the challenge of how teachers, both pre‑service and in‑service, respond to student errors. Errors are not simply mistakes to be corrected; they are windows into learners’ conceptual worlds, revealing the structures of thought that underpin their reasoning (Nesher, 1987). In the context of teacher education, the ability to engage constructively with student misconceptions is increasingly recognized as a hallmark of instructional quality (Hill et al., 2008). Yet, despite this recognition, traditional classroom practices often reduce errors to binary outcomes—right or wrong—without probing the reasoning behind them (Kazemi & Stipek, 2009). Such reductive approaches risk stifling opportunities for conceptual growth, reinforcing shallow understandings rather than cultivating deeper mathematical insight.
One of the most persistent and conceptually rich errors encountered in mathematics classrooms concerns division by zero. Learners often misapply familiar arithmetic rules, such as “zero times anything is zero,” to contexts where those rules break down. For example, many students conclude that (2 \div 0 = 0), reasoning that since (0 \times 0 = 0), the quotient must also be zero. Others argue that (2 \div 0 = 2), believing that dividing by “nothing” leaves the number unchanged. These misconceptions are not trivial; they reflect deep-seated concept images that shape how learners interpret mathematical operations (Tall & Vinner, 1981). For pre‑service teachers (PSTs), grappling with such errors is particularly important, as their future instructional practices will depend on their ability to diagnose, interpret, and scaffold student thinking.
Division by zero is more than a computational anomaly; it is a gateway to profound mathematical ideas. At its core, the problem invites learners to consider the nature of functions, limits, infinity, and indeterminacy. When framed as a limit process—examining what happens to (f(x) = \frac{2}{x}) as (x) approaches zero—students encounter the explosive growth of quotients toward positive or negative infinity. This realization destabilizes closure‑product conceptions of division and opens the door to process‑object conceptions, where division is understood not as a static outcome but as a dynamic relationship (Sfard, 1991). For PSTs, engaging with division by zero thus becomes an opportunity to transition from intuitive, spontaneous concepts to formal, scientific ones, guided by the scaffolding of a More Knowledgeable Other (MKO) within Vygotsky’s Zone of Proximal Development (ZPD).
Errors as Pedagogical Opportunities
The pedagogical significance of errors lies in their potential to catalyse learning. As Boaler (2016) argues, mistakes should be reframed as opportunities for exploration rather than as failures. When teachers probe the reasoning behind errors, they invite learners into a process of meaning‑making, where misconceptions can be leveraged to deepen understanding. This requires teachers to adopt a stance of purposeful listening (Davis, 1997), attending not only to the correctness of responses but to the ideas learners are expressing. For PSTs, cultivating this stance is essential, as it shapes their future capacity to create classrooms where errors are valued as part of the learning journey.
Yet, engaging productively with errors is not straightforward. It demands both subject matter knowledge and pedagogical content knowledge (Ball, Thames, & Phelps, 2008). Teachers must not only recognize the mathematical flaw in a student’s reasoning but also understand the cognitive structures that produced it. They must then design interventions that scaffold learners toward more robust conceptions. This is where socio‑cultural theories of learning, particularly Vygotsky’s ZPD, offer powerful frameworks. By situating learning in social interaction and emphasizing the role of mediation, these theories highlight how teachers can guide learners from their current level of understanding to more advanced conceptual terrain.
Virtual Reality as a Contemporary Scaffold
While traditional scaffolding relies on dialogue, analogies, and symbolic representations, emerging technologies such as Virtual Reality (VR) offer new modalities for mediation. VR environments can immerse learners in dynamic mathematical processes, making abstract concepts tangible. For example, a VR simulation of the function (f(x) = \frac{2}{x}) can allow students to “walk along” the hyperbolic curve, experiencing firsthand how the graph explodes toward infinity as (x) approaches zero. Such embodied experiences can reinforce the conceptual link between division by small numbers and the limit process, bridging the gap between intuitive and formal understandings.
VR also enhances intersubjectivity—the shared understanding between teacher and learner—by providing common visual and experiential referents. When both parties inhabit the same virtual environment, misconceptions can be surfaced and addressed collaboratively. For instance, a student who believes that (2 \div 0 = 0) can test this idea within the simulation, observing how the quotient behaves as divisors shrink. The teacher can then guide the student in interpreting these observations, aligning their situation definitions and enabling meaningful semiotic mediation. In this way, VR extends Wertsch’s (1984) constructs of situation definition, intersubjectivity, and semiotic mediation into immersive, interactive domains.
Division by Zero as a Rich Mathematical Task
At first glance, the question “What is 2 divided by 0?” may appear to be a simple arithmetic exercise. Yet, as this study demonstrates, it is a profoundly rich mathematical task. It consummates multiple conceptual threads: the function concept, the limit process, exponential growth and decay, and the nature of infinity. By engaging with this task, PSTs confront the boundaries of their intuitive reasoning and are invited to construct more sophisticated mathematical frameworks. Errors such as “2 ÷ 0 = 2” or “2 ÷ 0 = 0” are not obstacles to be eradicated but starting points for exploration. They reveal the closure‑product conceptions that dominate learners’ thinking and create opportunities to introduce process‑object conceptions that align with advanced mathematical reasoning.
VR amplifies this richness by situating learners within dynamic representations of these concepts. Rather than passively observing graphs on a board, students can interact with them in three‑dimensional space, manipulating variables and witnessing the consequences in real time. This embodied engagement fosters deeper cognitive connections, as learners integrate visual, kinesthetic, and symbolic modalities. For PSTs, experiencing mathematics in this way not only strengthens their own conceptual understanding but also models innovative pedagogical practices they can carry into their future classrooms.
The South African Context
In South Africa, the challenge of equipping PSTs to engage constructively with errors is particularly pressing. Large class sizes, resource constraints, and diverse learner backgrounds create complex instructional environments (Gardee & Brodie, 2022). Traditional methods of rehearsals and one‑on‑one interviews, while valuable, may not be feasible at scale (Runnalls & Hong, 2019). VR offers a potential solution, providing scalable, immersive experiences that can be deployed across cohorts. Portable VR kits or shared virtual classrooms can democratize access to advanced visualizations, ensuring that PSTs in resource‑constrained contexts are not excluded from innovative pedagogical tools.
Moreover, integrating VR into teacher education aligns with broader educational goals of preparing learners for a digital future. As mathematics increasingly intersects with technology, PSTs must be equipped not only with conceptual knowledge but also with the ability to leverage digital tools for instruction. By embedding VR into their training, teacher education programs can cultivate a generation of educators who are comfortable with technology‑enhanced pedagogy and who can harness immersive environments to transform learners’ mathematical identities.
Purpose of the Study
This study investigates PSTs’ misconceptions about division by zero and explores how pedagogical interventions, grounded in Vygotsky’s ZPD and enhanced by VR, can transform their reasoning. Specifically, it examines how situation definition, intersubjectivity, and semiotic mediation can be achieved through both traditional dialogue and immersive simulations. By analyzing PSTs’ responses to the question “What is 2 divided by 0?” and documenting the instructional strategies employed, the study aims to highlight the pedagogical value of errors and demonstrate how VR can serve as a powerful scaffold in mathematics teacher education.

2. Literature Review
2.1 Opportunities for Teachers to Address Student Errors
The issue of how teachers respond to student errors has received sustained attention in mathematics education research, both internationally and in South Africa (Bray, 2011; Brodie, 2013; Gardee & Brodie, 2022; Kaufmann et al., 2023; Shaughnessy et al., 2021). Errors are not merely slips of calculation but often reflect deeper conceptual misunderstandings. Teachers’ responses to these errors can either shut down opportunities for learning or transform them into powerful sites of growth.
Traditional approaches often involved dismissing incorrect contributions, either to avoid embarrassing learners (Bray, 2011) or due to insufficient subject matter knowledge (Gardee & Brodie, 2015). In other cases, teachers corrected errors without probing the reasoning behind them, thereby missing opportunities to uncover learners’ thought processes (Rowland, Thwaites, & Jared, 2015). More productive responses involve pressing students to articulate their reasoning, thereby surfacing the cognitive structures that produced the error (Brodie, 2013).
Kazemi and Stipek (2009) distinguished between “high‑press” classrooms, where teachers consistently ask learners to justify their reasoning, and “low‑press” classrooms, where responses are simply marked correct or incorrect. In high‑press environments, errors become catalysts for discussion, exploration, and conceptual refinement. Boaler (2016) argued that such engagement reframes mathematics as a discipline of meaning‑making rather than of right and wrong answers.
Virtual Reality (VR) offers a contemporary extension of these practices. In VR environments, PSTs can rehearse responding to student errors in immersive simulations. For example, a virtual classroom can present common misconceptions (e.g., “2 ÷ 0 = 0”), and PSTs must engage with the virtual learner’s reasoning. This extends Lampert et al.’s (2013) rehearsal model, where teacher educators act as students, by creating dynamic, scalable simulations. VR thus provides a safe space for PSTs to practice diagnostic listening and responsive mediation without the pressures of live classrooms.
Professional Learning Communities (PLCs) have also been identified as vital spaces for collaborative exploration of student errors (Brodie, 2013). Teachers bring examples of errors from their classrooms and reflect on how they engaged with them. VR can enrich PLCs by enabling teachers to collectively inhabit simulations of mathematical scenarios, observing and discussing how misconceptions unfold in real time. This shared immersion fosters intersubjectivity, aligning teachers’ situation definitions and deepening their collective pedagogical content knowledge.

2.2 Difficulties Associated with Division by Zero
Division by zero poses a well‑documented conceptual challenge for learners, PSTs, and even in‑service teachers (Ball, 1990; Crespo & Nicol, 2006; Quinn, Lamberg & Perrin, 2008; Tsamir & Sheffer, 2000). While many can state the rule that division by zero is undefined, few can explain why. Ball (1990) found that only five out of nineteen PSTs could provide a conceptual explanation. Quinn et al. (2008) reported that 40% of in‑service teachers offered incorrect explanations, such as believing division by zero yields a numerical value.
These misconceptions often stem from closure‑product conceptions of division, where learners expect every operation to yield a definite result. In contrast, process conceptions view division as a dynamic relationship, particularly when framed through limits (Sfard, 1991). Misapplications of arithmetic rules—such as “zero times anything is zero”—to contexts involving infinity further complicate reasoning.
Division can be conceptualised through two primary models: the quotative model, where the divisor represents the size of one group, and the partitive model, where the divisor represents the number of groups (Zembat, 2004; Thompson & Saldanha, 2003). Learners are often more familiar with the quotative model, while the partitive model is less commonly understood. This has implications for interpreting division by zero. For example, asking “How many groups of zero are in 2?” reflects a flawed partitive approach.
VR can help learners and PSTs navigate these conceptual challenges. By simulating division scenarios in immersive environments, VR allows learners to manipulate divisors and observe the consequences. For instance, dividing a virtual cake among increasingly large groups can illustrate how portions diminish toward zero. Conversely, dividing by increasingly small numbers can show quotients exploding toward infinity. These embodied experiences reinforce the conceptual link between division, limits, and infinity, making abstract ideas tangible.
Research suggests that learners often fail to connect division with iteration, even when they arrive at correct answers (Jansen & Hohensee, 2016). VR can bridge this gap by enabling learners to iteratively manipulate quantities in real time, observing how repeated division transforms outcomes. This dynamic engagement fosters process conceptions of division, countering closure‑product misconceptions.

2.3 Error-Handling Strategies in Teacher Education
Several strategies have been proposed to equip PSTs to work with student errors. These include training for intellectually ambitious instruction, simulated engagement with hypothetical student work, and rehearsal models (Lampert et al., 2013; Maher & Muir, 2013; Runnalls & Hong, 2019). Semi‑structured interviews using hypothetical errors have also been used to develop diagnostic skills.
While these approaches are promising, they may not be feasible in resource‑constrained contexts like South Africa. Large class sizes make individual rehearsals impractical, and limited resources constrain opportunities for one‑on‑one interviews. VR offers a scalable alternative. By creating shared virtual classrooms, PSTs can collectively engage with simulated errors, observing how misconceptions unfold and practicing responsive mediation. This democratizes access to diagnostic training, ensuring that all PSTs, regardless of context, can develop these critical skills.
Davis (1997) emphasized the importance of purposeful listening, distinguishing between “listening to” and “listening for” student responses. VR can cultivate this skill by presenting PSTs with diverse virtual learners, each expressing different misconceptions. PSTs must attend to the reasoning behind these responses, practicing diagnostic listening in immersive environments. This prepares them to engage with real learners more effectively.

2.4 VR in Mathematics Education Research
Recent studies have begun to explore the role of VR in mathematics education. VR has been shown to enhance conceptual understanding by providing immersive visualizations of abstract ideas (Radianti et al., 2020). In particular, VR supports embodied cognition, where learning is grounded in sensory and motor experiences (Johnson‑Glenberg, 2018). By allowing learners to interact with mathematical objects in three‑dimensional space, VR fosters deeper cognitive connections.
In teacher education, VR has been used to simulate classroom scenarios, enabling PSTs to practice instructional strategies (Ferdig & Kosko, 2020). These simulations provide safe environments for experimentation, allowing PSTs to make mistakes and learn from them without real‑world consequences. VR also supports collaborative learning, as multiple participants can inhabit the same virtual environment, fostering intersubjectivity and shared situation definitions.
In the context of division by zero, VR offers unique affordances. By simulating hyperbolic functions and limit processes, VR allows learners to experience the explosive growth of quotients as divisors approach zero. This embodied engagement reinforces the conceptual link between division, limits, and infinity, transforming misconceptions into opportunities for exploration. For PSTs, experiencing these simulations not only strengthens their own understanding but also models innovative pedagogical practices they can carry into their future classrooms.

2.5 Summary
The literature highlights the pedagogical importance of errors, the conceptual challenges of division by zero, and the strategies used to equip PSTs to engage with misconceptions. Traditional approaches, while valuable, face limitations in resource‑constrained contexts. VR offers a powerful extension, providing immersive, scalable, and interactive environments for scaffolding learning. By integrating VR into teacher education, we can enhance PSTs’ diagnostic skills, deepen their conceptual understanding, and prepare them to create classrooms where errors are valued as opportunities for growth.

3. Theoretical Framework: Vygotsky’s Socio-Cultural Theory
3.1 Vygotsky’s Foundations
Lev Vygotsky (1978) argued that learning originates in the social domain before being internalised at the individual level. Knowledge is not simply transmitted but co‑constructed through interaction with a More Knowledgeable Other (MKO), who guides learners using cultural tools such as language, symbols, and representations. This process situates learning within the Zone of Proximal Development (ZPD), defined as the distance between what a learner can achieve independently (Zone of Actual Development, ZAD) and what they can achieve with guidance.
Errors, in this framework, are not failures but indicators of the learner’s current ZAD. They reveal spontaneous concepts—intuitive, everyday understandings—that can be scaffolded toward scientific concepts through mediation. For example, a student who asserts that “2 ÷ 0 = 0” demonstrates a spontaneous concept rooted in arithmetic closure. The teacher’s role is to scaffold this reasoning toward a scientific conception of division as a limit process, where quotients explode toward infinity as divisors approach zero.

3.2 Wertsch’s Elaboration: Situation Definition, Intersubjectivity, and Semiotic Mediation
James Wertsch (1984) extended Vygotsky’s ideas by introducing three interlinked constructs that clarify how mediation unfolds:
· Situation Definition: Learners and teachers may interpret a task differently based on prior knowledge and assumptions. Establishing a shared definition of the situation is essential before mediation can occur.
· Intersubjectivity: Once situation definitions align, learners and teachers achieve intersubjectivity—a shared understanding that enables collaborative exploration.
· Semiotic Mediation: With intersubjectivity established, teachers can employ cultural tools (symbols, graphs, language) to scaffold learners toward scientific concepts.
Applied to division by zero, Wertsch’s framework highlights the importance of first eliciting learners’ interpretations (e.g., “zero is nothing, so 2 ÷ 0 = 2”), then negotiating a shared understanding of the task, and finally mediating through representations such as graphs of (f(x) = \frac{2}{x}).

3.3 VR as Semiotic Mediation
Virtual Reality (VR) extends semiotic mediation into immersive domains. Traditional mediation relies on static representations—chalkboard graphs, textbook explanations, or verbal analogies. VR, by contrast, allows learners to inhabit dynamic mathematical processes. For example:
· Learners can manipulate divisors approaching zero and observe quotients expanding toward infinity in real time.
· They can “walk along” the hyperbolic curve of (f(x) = \frac{2}{x}), experiencing the function’s behaviour kinesthetically.
· Symbols, graphs, and numerical tables can be layered into the environment, enabling learners to toggle between representations.
This multimodal mediation strengthens cognitive connections by integrating visual, kinesthetic, and symbolic modalities. It also aligns with embodied cognition theories, which argue that learning is grounded in sensory and motor experiences (Johnson‑Glenberg, 2018).

3.4 VR and Situation Definition
Establishing situation definition is often challenging when learners hold misconceptions. For example, a student may define the situation as “dividing by nothing leaves the number unchanged.” VR can surface these definitions by allowing learners to test their ideas in immersive simulations. When a student attempts to divide by zero in VR, the simulation can demonstrate the indeterminate behaviour of quotients, prompting reconsideration of their situation definition.
Teachers can then align their interpretation with the learner’s, using VR as a shared referent. This reduces misalignment and ensures that mediation proceeds productively.

3.5 VR and Intersubjectivity
Intersubjectivity requires learners and teachers to share a common understanding of the task. VR fosters this by immersing both parties in the same environment. For example, in a virtual classroom, both teacher and learner can observe how quotients behave as divisors shrink. This shared experience creates a foundation for dialogue, enabling teachers to revoice learners’ contributions and guide them toward scientific concepts.
Collaborative VR environments also allow multiple learners to engage simultaneously, fostering peer intersubjectivity. Learners can discuss their observations within the simulation, negotiating shared meanings and collectively refining their understanding.

3.6 VR and the ZPD
Within the ZPD, learners move from spontaneous to scientific concepts through guided mediation. VR enhances this process by providing scaffolds that are both visual and experiential. For example:
· Spontaneous Concept: “Dividing by zero gives zero.”
· VR Scaffold: Simulation shows quotients exploding as divisors approach zero.
· Scientific Concept: Division by zero is undefined, understood through the limit process.
By making abstract behaviours tangible, VR accelerates the transition from ZAD to ZPD. It also democratizes access to scaffolding, as simulations can be deployed across cohorts, ensuring that all learners benefit from immersive mediation.

3.7 Integrating VR into Teacher Education
For PSTs, experiencing VR simulations not only strengthens their own conceptual understanding but also models innovative pedagogical practices. Teacher educators can use VR to demonstrate how to engage with errors constructively, aligning with Vygotsky’s socio‑cultural theory. PSTs can then practice these strategies in virtual classrooms, rehearsing responses to simulated learners.
This integration prepares PSTs to create classrooms where errors are valued as opportunities for growth. It also equips them with digital pedagogical skills, aligning with broader educational goals of preparing learners for a technologically rich future.

3.8 Summary
The theoretical framework for this study draws on Vygotsky’s socio‑cultural theory and Wertsch’s elaboration of ZPD. Errors are viewed as pivotal moments in learning, revealing spontaneous concepts that can be scaffolded toward scientific ones. VR extends this framework by enhancing situation definition, intersubjectivity, and semiotic mediation. By immersing learners in dynamic mathematical processes, VR transforms abstract ideas into tangible experiences, enriching the scaffolding process and preparing PSTs for innovative pedagogy.



4. Methodology
4.1 Research Design
This study employed a qualitative research design, focusing on the diagnostic and instructional significance of student misconceptions about division by zero. Qualitative approaches are particularly suited to exploring the depth and nuance of learners’ reasoning, as they allow researchers to probe underlying cognitive structures rather than merely recording surface-level outcomes (Stake, 1995; Rabianski, 2003).
The central unit of analysis was the pre-service teachers’ (PSTs) conceptualisation of division by zero, as revealed through written responses, interviews, and immersive simulations. The study aimed for data saturation, the point at which no new insights emerge (Fusch & Ness, 2015), thereby ensuring the validity of findings.
Virtual Reality (VR) was integrated into the design as both a pedagogical intervention and a data collection tool. By situating PSTs within immersive simulations of division scenarios, the study elicited authentic reasoning processes and provided opportunities for scaffolding through dynamic visualisations.

4.2 Sampling
The study involved 56 first-year PSTs enrolled in a mathematics teacher education programme in Johannesburg. Participants represented South Africa’s diverse racial demographics—Black, Coloured, Indian, and White—and ranged in age from 18 to 25. Of the participants, 34 were male and 22 female.
The sample was purposive, selected to capture the reasoning of novice teachers at the beginning of their professional journey. This cohort was chosen because misconceptions at this stage are particularly revealing of intuitive concept images, which can later be reshaped through teacher education.
VR integration was piloted with a subset of participants (n=20), who engaged in immersive simulations alongside traditional tasks. This allowed for comparative analysis of how VR influenced reasoning and conceptual development.

4.3 Data Collection
Written Survey
Participants were first asked to respond in writing to the question: “What is 2 divided by 0?” They were instructed not to use calculators, ensuring that responses reflected conceptual reasoning rather than computational ability. Written responses provided raw data on participants’ initial situation definitions.
Interviews
Follow-up one-on-one interviews probed participants’ reasoning more deeply. Interviews were semi-structured, allowing flexibility to pursue emerging lines of thought while maintaining consistency across participants. This format facilitated exploration of how PSTs justified their answers and how they reconciled contradictions.
Focus Group Discussions
Focus groups were conducted to elicit collective reasoning and to observe how misconceptions were negotiated in peer dialogue. These discussions revealed how intersubjectivity was achieved—or resisted—within group contexts.
VR Simulations
VR was employed as both an instructional and diagnostic tool. Participants engaged in simulations of division scenarios, including:
· Dividing virtual cakes among increasingly large groups (illustrating quotients diminishing toward zero).
· Manipulating divisors approaching zero in the function (f(x) = \frac{2}{x}), observing quotients exploding toward infinity.
· Walking along hyperbolic curves to experience exponential growth and decay kinesthetically.
These simulations were designed to surface misconceptions, align situation definitions, and enable semiotic mediation through immersive representations. Data from VR sessions included observational notes, participant reflections, and screen recordings of interactions.

4.4 Instructional Intervention
The pedagogical intervention was guided by Wertsch’s elaboration of Vygotsky’s ZPD, structured around three interlinked components: situation definition, intersubjectivity, and semiotic mediation.
· Situation Definition: PSTs’ initial interpretations of division by zero were elicited through surveys and VR tasks.
· Intersubjectivity: Shared understanding was negotiated through class discussions and collaborative VR experiences.
· Semiotic Mediation: Misconceptions were scaffolded using analogies (cake-sharing, sweets), symbolic representations (graphs, tables), and immersive VR simulations.
The intervention aimed not only to correct misconceptions but to leverage them as gateways to deeper mathematical exploration. VR amplified this process by making abstract behaviours tangible and by providing shared experiential referents for mediation.

4.5 Ethics, Trustworthiness, and Rigour
Ethical clearance was obtained from the relevant university committee. Participants provided informed consent, and their anonymity and confidentiality were rigorously protected.
To ensure trustworthiness, several strategies were employed:
· Member Checking: Participants reviewed interpretations of their responses, suggesting corrections or clarifications where necessary (Braithwaite, Allen, & Moore, 2017).
· Peer Debriefing: Three faculty members not directly involved in the study reviewed the analysis, contributing independent insights.
· Triangulation: Data from surveys, interviews, focus groups, and VR simulations were triangulated to enhance validity.
· Rigour: The report was systematically revisited to ensure alignment across research problem, questions, framework, methodology, analysis, and discussion.
VR integration introduced additional ethical considerations, such as ensuring equitable access to simulations and preventing cognitive overload. Participants were briefed on the purpose of VR tasks and given opportunities to reflect on their experiences.

4.6 Data Analysis
Data analysis followed an iterative process:
1. Coding: Written responses and interview transcripts were coded for recurring themes, such as closure‑product conceptions, partitive reasoning, and limit process awareness.
2. Categorisation: Codes were grouped into categories reflecting broader conceptual patterns.
3. Interpretation: Categories were interpreted through the lens of Vygotsky’s ZPD and Wertsch’s constructs.
4. Integration: VR data were integrated into the analysis, highlighting how immersive experiences influenced reasoning.
For example, participants who initially asserted “2 ÷ 0 = 0” often revised their reasoning after engaging with VR simulations, recognising the indeterminate behaviour of quotients. These shifts were documented and analysed as evidence of cognitive transformation.

4.7 Summary
The methodology combined traditional qualitative approaches with innovative VR integration. By eliciting PSTs’ reasoning through surveys, interviews, and focus groups, and by immersing them in dynamic simulations, the study captured both the persistence of misconceptions and the potential for transformation. Guided by Vygotsky’s ZPD and Wertsch’s elaboration, the intervention demonstrated how errors can be leveraged as pedagogical opportunities, and how VR can serve as a powerful scaffold in mathematics teacher education.

5. Results
The results are presented through the lens of Wertsch’s (1984) elaboration of Vygotsky’s ZPD, with subsections reflecting its conceptual stages: situation definition, intersubjectivity, and semiotic mediation. Data from written surveys, interviews, focus groups, and VR simulations are integrated to provide a comprehensive picture of PSTs’ reasoning about division by zero.

5.1 Establishing Students’ Situation Definition
Participants’ initial responses to the task “What is 2 divided by 0?” revealed widespread misconceptions. Table 1 summarises the frequency of distinct responses:
Table 1: PSTs’ Responses to the Question “What is 2 ÷ 0?”
· 2 ÷ 0 = 2 → 31 respondents
· 2 ÷ 0 = 0 → 12 respondents
· 2 ÷ 0 = “I don’t know” / “I’m not sure” → 5 respondents
· 2 ÷ 0 = “It can’t!” → 4 respondents
· 2 ÷ 0 = Undefined → 4 respondents
Most respondents provided a numerical answer, indicating a prevalent misconception: that all divisions yield a numerical result. This reflects closure‑product conceptions of division, where learners expect operations to produce definite outcomes.
VR simulations surfaced these situation definitions more vividly. When participants attempted to divide by zero in immersive environments, many initially expected a stable quotient. The simulation’s dynamic rendering of quotients exploding toward infinity challenged these expectations, prompting reconsideration of their situation definitions. For example, one participant remarked: “I thought it would just give zero, but in VR I saw the graph shoot up endlessly. It made me realise my idea was too simplistic.”

5.2 Building Intersubjectivity
Class discussions revealed how intersubjectivity was negotiated. When asked “What is division by zero?”, one student responded, “The answer is two, because zero is nothing, so you have not divided by anything—two remains.” Forty‑five students agreed, while only eight disagreed.
Student 4 introduced a productive line of reasoning by suggesting that they examine what happens when 2 is divided by progressively smaller numbers. This marked a pedagogical shift, opening space to advance the class’s mathematical understanding.
VR reinforced this intersubjectivity. In collaborative simulations, students collectively observed how quotients behaved as divisors shrank. Shared immersion created common referents, enabling dialogue grounded in experiential evidence. For example, when one student insisted that “2 ÷ 0 = 0,” peers pointed to the VR graph exploding toward infinity, prompting debate and eventual consensus.
This process illustrates how VR can foster intersubjectivity by aligning learners’ situation definitions with teachers’ interpretations. The shared experience of immersive simulations reduced misalignment and enabled productive mediation.

5.3 Semiotic Mediation
Semiotic mediation was achieved through analogies, symbolic representations, and immersive simulations.
Analogies
Students engaged with familiar scenarios such as dividing sweets among children:
· 4 children → 5 sweets each
· 10 children → 2 sweets each
· 20 children → 1 sweet each
As the divisor increased, students realised the impracticality of dividing finite resources among excessively large groups. This highlighted the absurdity of division by infinity or zero.
Symbolic Representations
Numerical tabulations and graphs of (f(x) = \frac{2}{x}) were introduced. Students observed how quotients behaved as divisors approached zero from both positive and negative directions.
VR Simulations
VR amplified semiotic mediation by making these representations dynamic and immersive. Students manipulated divisors in real time, observing quotients explode toward infinity. They walked along hyperbolic curves, experiencing exponential growth and decay kinesthetically.
One participant reflected: “Seeing the graph in VR made me feel the function’s behaviour. It wasn’t just numbers on paper—it was like I was inside the mathematics.”
Through these explorations, intersubjectivity was achieved between students and the teacher, enabling mediation using symbols, representations, and immersive technologies.

5.4 Cognitive Shifts
The intervention catalysed significant cognitive shifts. Initially, most students held closure‑product conceptions, expecting division to yield definite numerical outcomes. After engaging with scaffolding and VR simulations, many transitioned toward process conceptions, recognising division by zero as undefined and best understood through limits.
For example, one student who initially asserted “2 ÷ 0 = 2” later explained: “I see now that dividing by zero doesn’t give a number. It’s a process that explodes. VR helped me understand why it’s undefined.”
These shifts demonstrate the power of responsive mediation, particularly when enhanced by immersive technologies.

5.5 Comparative Insights: Traditional vs VR Scaffolding
Comparative analysis revealed differences between traditional scaffolding and VR-enhanced mediation:
· Traditional Scaffolding: Relied on dialogue, analogies, and static representations. Effective in surfacing misconceptions but limited in making abstract behaviours tangible.
· VR Scaffolding: Provided dynamic, immersive experiences that made abstract behaviours concrete. Accelerated cognitive shifts by integrating visual, kinesthetic, and symbolic modalities.
Participants in VR simulations demonstrated deeper conceptual understanding and greater resilience in reasoning. They were more likely to articulate division by zero as a limit process and to recognise its indeterminate nature.

5.6 Summary
The results highlight both the persistence of misconceptions and the potential for transformation through scaffolding. Guided by Vygotsky’s ZPD and Wertsch’s constructs, the intervention leveraged errors as pedagogical opportunities. VR amplified this process by making abstract behaviours tangible, fostering intersubjectivity, and accelerating cognitive shifts.
By integrating VR into mathematics teacher education, we can equip PSTs to engage constructively with errors, deepen their conceptual understanding, and prepare them to create classrooms where mistakes are valued as opportunities for growth.

6. Discussion
The analysis of data reveals that division by zero remains a persistent conceptual challenge for pre‑service teachers (PSTs). Despite exposure to formal mathematics, many PSTs continue to rely on closure‑product conceptions, expecting division to yield a definite numerical outcome. This aligns with prior research documenting similar misconceptions among PSTs and in‑service teachers (Ball, 1990; Crespo & Nicol, 2006; Quinn et al., 2008). However, the study also demonstrates the transformative potential of pedagogical interventions grounded in Vygotsky’s ZPD and Wertsch’s elaboration, particularly when enhanced by immersive Virtual Reality (VR) scaffolding.

6.1 Theme 1: Division by Zero as a Numerical Value vs. Limit Process
Findings indicate that many PSTs initially regarded division by zero as yielding a specific numerical value. This misconception reflects a shallow understanding of division, rooted in arithmetic closure rather than in process conceptions. Similar trends have been reported in the literature, where learners often fail to appreciate the indeterminate nature of division by zero (Quinn et al., 2008).
The intervention reframed division by zero as a limit process, encouraging learners to examine what happens as divisors approach zero. This heuristic method opened a window into understanding the nature of limits, exponential growth, and hyperbolic functions. VR amplified this reframing by allowing learners to experience the behaviour of functions dynamically. Walking along the curve of (f(x) = \frac{2}{x}) in immersive simulations made the explosive growth of quotients tangible, reinforcing the conceptual link between division and limits.

6.2 Theme 2: Errors as Gateways to Scientific Concepts
Errors were leveraged as gateways to deeper exploration, consistent with Boaler’s (2016) argument that mistakes should be reframed as opportunities for meaning‑making. PSTs’ spontaneous concepts—such as “2 ÷ 0 = 0”—were scaffolded toward scientific concepts through dialogue, analogies, and VR simulations.
The role of the More Knowledgeable Other (MKO) was central in this process. Teacher educators guided PSTs in interpreting their observations, aligning situation definitions, and achieving intersubjectivity. VR enriched this mediation by providing shared experiential referents. When learners observed quotients exploding in simulations, misconceptions were challenged not through abstract explanation alone but through embodied experience. This accelerated the transition from spontaneous to scientific concepts, demonstrating the power of immersive scaffolding.

6.3 Theme 3: VR as Semiotic Mediation
Semiotic mediation traditionally relies on symbols, graphs, and language. VR extended this mediation by layering multiple representations into immersive environments. Learners could toggle between algebraic equations, numerical tables, and dynamic graphs, integrating visual, kinesthetic, and symbolic modalities.
This multimodal mediation aligns with embodied cognition theories, which argue that learning is grounded in sensory and motor experiences (Johnson‑Glenberg, 2018). By situating learners within mathematical processes, VR fostered deeper cognitive connections and strengthened conceptual resilience. PSTs who engaged with VR were more likely to articulate division by zero as undefined and to explain why, demonstrating a shift toward scientific conceptions.

6.4 Theme 4: Intersubjectivity in Collaborative VR Environments
Intersubjectivity—the alignment of situation definitions between teacher and learner—was achieved more effectively in VR environments. Collaborative simulations allowed multiple learners to inhabit the same virtual classroom, observing and discussing how misconceptions unfolded. This shared immersion created common referents, enabling dialogue grounded in experiential evidence.
For example, when one student insisted that “2 ÷ 0 = 0,” peers pointed to the VR graph exploding toward infinity, prompting debate and eventual consensus. This illustrates how VR fosters peer intersubjectivity, enabling learners to negotiate shared meanings and collectively refine their understanding. Such collaborative engagement is particularly valuable in resource‑constrained contexts, where traditional one‑on‑one scaffolding may not be feasible.

6.5 Theme 5: Pedagogical Implications for Teacher Education
The findings have significant implications for mathematics teacher education. PSTs must be equipped not only with conceptual knowledge but also with strategies to engage constructively with errors. Integrating VR into teacher education offers several advantages:
· Diagnostic Training: VR simulations present PSTs with diverse misconceptions, enabling them to practice diagnostic listening and responsive mediation.
· Pedagogical Modelling: Teacher educators can use VR to demonstrate how to scaffold errors constructively, modelling innovative practices for PSTs.
· Conceptual Deepening: Immersive experiences strengthen PSTs’ own understanding of complex concepts, preparing them to teach these ideas effectively.
· Scalability: VR provides scalable solutions for large cohorts, democratizing access to advanced visualisations in resource‑constrained contexts.
By embedding VR into teacher education, programs can cultivate a generation of educators who are comfortable with technology‑enhanced pedagogy and who can harness immersive environments to transform learners’ mathematical identities.

6.6 Theme 6: Legacy and Sustainability
Beyond immediate pedagogical benefits, integrating VR into mathematics education contributes to broader goals of sustainability and legacy. In rural and resource‑constrained contexts, portable VR kits can democratize access to advanced visualisations, ensuring that learners are not excluded from innovative pedagogical tools. This aligns with the philosophy of building durable, safe, and transformative educational infrastructures—structures that will be remembered by “our children’s children.”
For PSTs, experiencing mathematics in immersive environments not only strengthens their own conceptual resilience but also models practices they can carry into their future classrooms. In this way, VR contributes to the legacy of mathematics education, ensuring that learners are equipped to engage with complex ideas in meaningful and enduring ways.

6.7 Summary
The discussion highlights how division by zero, though conceptually challenging, can serve as a powerful gateway to deeper mathematical exploration. Errors, when leveraged constructively, reveal spontaneous concepts that can be scaffolded toward scientific ones. Guided by Vygotsky’s ZPD and Wertsch’s elaboration, the intervention demonstrated the pedagogical value of errors and the transformative potential of responsive mediation.
VR amplified this process by making abstract behaviours tangible, fostering intersubjectivity, and accelerating cognitive shifts. By integrating VR into mathematics teacher education, we can equip PSTs to engage constructively with errors, deepen their conceptual understanding, and prepare them to create classrooms where mistakes are valued as opportunities for growth.

7. Conclusion and Recommendations
7.1 Conclusion
This study set out to investigate pre‑service teachers’ (PSTs) misconceptions about division by zero and to explore how pedagogical interventions, grounded in Vygotsky’s socio‑cultural theory and Wertsch’s elaboration of the Zone of Proximal Development (ZPD), can transform their reasoning. The findings confirm that misconceptions are widespread: many PSTs initially asserted that “2 ÷ 0 = 2” or “2 ÷ 0 = 0,” reflecting closure‑product conceptions of division. These errors, however, were not treated as obstacles but as gateways to deeper exploration.
Through surveys, interviews, focus groups, and immersive VR simulations, the study demonstrated how responsive mediation can catalyse cognitive transformation. Errors revealed spontaneous concepts, which were scaffolded toward scientific ones through situation definition, intersubjectivity, and semiotic mediation. Traditional scaffolding—dialogue, analogies, symbolic representations—was effective, but VR amplified the process by making abstract behaviours tangible, fostering intersubjectivity, and accelerating cognitive shifts.
Division by zero, though superficially a simple arithmetic task, consummates multiple conceptual threads: functions, limits, exponential growth and decay, and infinity. By engaging with this task, PSTs confronted the boundaries of their intuitive reasoning and constructed more sophisticated frameworks. VR enriched this engagement by situating learners within dynamic representations of these concepts, integrating visual, kinesthetic, and symbolic modalities.
The study contributes to mathematics education by demonstrating the pedagogical value of errors, the applicability of socio‑cultural theory, and the potential of VR as a scaffold. It underscores the importance of preparing PSTs to engage constructively with misconceptions, equipping them with both conceptual knowledge and innovative pedagogical tools.

7.2 Recommendations
For Teacher Education Programs
1. Integrate VR into Curriculum: Teacher education programs should embed VR simulations into mathematics courses, enabling PSTs to experience complex concepts dynamically. This prepares them to teach with technology and to leverage immersive environments for scaffolding.
2. Model Constructive Error Engagement: Teacher educators should use VR to demonstrate how to respond to student errors, modelling practices that value mistakes as opportunities for growth.
3. Develop Diagnostic Skills: VR simulations can present PSTs with diverse misconceptions, allowing them to practice diagnostic listening and responsive mediation in safe, controlled environments.
For Classroom Practice
1. Use VR to Visualise Abstract Concepts: Teachers should employ VR to help learners visualise functions, limits, and infinity. For example, walking along hyperbolic curves can make the behaviour of division by zero tangible.
2. Foster Collaborative Intersubjectivity: VR environments should be used to create shared experiences, enabling learners to negotiate meanings collectively and to achieve intersubjectivity more effectively.
3. Leverage Errors as Gateways: Teachers should reframe errors as starting points for exploration, using VR to surface misconceptions and to scaffold learners toward scientific concepts.
For Policy and Resource Allocation
1. Invest in VR Infrastructure: Educational institutions should invest in portable VR kits and shared virtual classrooms, ensuring equitable access to immersive technologies.
2. Support Professional Development: In‑service teachers should receive training in VR pedagogy, equipping them to integrate immersive simulations into their practice.
3. Promote Sustainability: VR should be deployed strategically to democratise access to advanced visualisations, particularly in resource‑constrained contexts. This aligns with broader goals of building durable educational infrastructures that will serve future generations.

7.3 Legacy and Future Directions
The integration of VR into mathematics education contributes to a legacy of innovation and sustainability. In rural and resource‑constrained contexts, VR offers scalable solutions that democratise access to advanced visualisations. By equipping PSTs with immersive pedagogical tools, we prepare them to create classrooms where errors are valued, misconceptions are leveraged, and complex concepts are made tangible.
Future research should explore the long‑term impact of VR integration on PSTs’ instructional practices and on learners’ mathematical identities. Comparative studies across institutions and contexts can provide insights into scalability and sustainability. Additionally, interdisciplinary research can examine how VR intersects with other emerging technologies, such as augmented reality and artificial intelligence, to further enrich mathematics education.
Ultimately, the study affirms that division by zero, though conceptually challenging, can serve as a powerful gateway to deeper mathematical exploration. By integrating VR into teacher education, we not only address persistent misconceptions but also cultivate a generation of educators equipped to harness immersive technologies for transformative pedagogy. This contributes to the broader legacy of mathematics education, ensuring that learners are prepared to engage with complex ideas in meaningful and enduring ways.
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